Abstract-Methods for increasing the energy efficiency of induction motors by an appropriate control strategy have been a subject of research during the last years. Several methods for loss minimization have been developed for induction motors operated in a steady state. In recent years, some solutions for the dynamic case have been given as well either using an online or offline optimization approach, implying a certain computational burden, which is undesired in practice. This paper shows that the appropriate application of steady state techniques during transients due to a changing motor torque is a suboptimal strategy with an acceptable performance for efficiency optimization given an induction machine where saturation effects of the main inductance must be considered. The optimization problem is simplified such that a simple suboptimal solution is possible and the quality of the suboptimal solution is investigated by simulations and measurements. The proposed solution is simple, easy to implement, and does not require an online optimization. In addition, the influence of magnetizing induction saturation is considered.
I. INTRODUCTION

I
NDUCTION machines are robust, easy to install and simple to operate in many industrial applications. However, the efficiency decreases significantly when the motor is operated in a part load regime with rated flux in applications like fans, pumps, or conveyors where part load operation results on the one hand from oversized motors, and on the other hand, from given application requirements. In all these applications, the motor is operated over large time intervals in steady state.
A large number of different control schemes have been developed aiming at a minimization of induction machine losses in steady state. These methods are either based on an explicit calculation using machine parameters and the given mechanical setpoint, online search algorithms, or a combination of these approaches. For scalar control, [1] and [2] propose a search based control method, whereas a parameter based approach is discussed in [3] and [4] . For induction machines controlled in a field oriented setting, the relevant variables are the stator or rotor flux linkage or the corresponding magnetizing current [5] . Parameter based approaches are presented in [6] - [8] . Hybrid methods A. Borisevich is with Lithiumstart Inc., San Francisco, CA 94080 USA (e-mail: alex.borysevych@gmail.com).
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combining search based and parameter based approaches are introduced in [9] and [10] . Recent results on loss minimization for direct torque control are given in [11] . In contrast to the above mentioned applications, currently the typical choice for servo applications is the permanent magnet synchronous machine. Its major advantages compared to induction machines are a higher efficiency and the typically lower moment of inertia of the rotor. However, costs are much higher mainly due to the rare-earth materials used for the permanent magnets in the rotor. In addition, field weakening requires some additional measures for permanent magnet synchronous machines. Thus, an increase in efficiency of induction machines in dynamic operation would also increase the attractivity of induction machines for servo applications.
Compared with the large number of publications for steady state efficiency optimization only a relatively small number of works in the literature have addressed the question of energy efficiency in dynamic operation. In [12] and [13] , an optimal rotor flux linkage trajectory is computed offline on a PC based on given torque and speed trajectories [12] or a servo motion control application [13] . It is shown that a considerable reduction of the losses during transients can be obtained compared to an operation with constant rated flux linkage. However, an offline computation is not feasible in most applications. An analytic approach based on the calculus of variations is investigated in [14] . An optimal flux linkage value for constant torque is given. However, for time-varying torque, the resulting problem cannot be exactly solved. So, the authors obtain a suboptimal solution by computing the flux linkage based on the equation for constant torque only replacing the constant torque by the timevarying torque. The main idea of the solution presented in [15] is a simple controller with cascaded structure. Still the values of the torque are required for the calculation of the optimal trajectory. An online implementable solution that does not rely on the exact knowledge of the torque profile is proposed in [16] , where a parametrized prototype function is used for the optimal solution and the parameters are determined by an online parameter optimization algorithm. A method based on general predictive control is presented in [17] and simulation results are given for the field weakening region. Although the authors of [18] design a nonlinear controller for steady state optimal flux operation only, the performance is analyzed with simulations and measurements for reference speed and torque changes as well. An online-golden-section search algorithm suitable for interior permanent magnet synchronous machines controlled by a direct torque and flux control approach is presented in [19] .
The influence of a variable main inductance on loss minimization methods has been studied in [1] and in more recent publications as [20] and in [9] . Here, the optimal flux is determined online by successive approximation. In [21] , an optimal flux map depending on the torque and speed is computed offline to minimize the steady state losses. In [8] , an approach is presented that determines the optimal rotor flux reference from steady state power losses online and evaluates the result for both static and dynamic operation.
The main contribution of this paper is to show based on the idea initially presented in [22] that the appropriate application of steady state techniques during transients due to a changing motor torque is a suboptimal strategy with an acceptable performance for efficiency optimization given an induction machine where saturation effects of the main inductance must be considered. This approach is easy to implement and does not require an online optimization. Compared to [22] , this paper presents a new analysis of the influence of the speed control loop on the results and a new method for considering the influence of a variable main inductance.
To illustrate the proposed solution first, a brief review of the background used in this paper will be given in Section II. Section III describes the problem statement, which is then appropriately simplified to obtain a simple and easy implementable suboptimal solution. Then, the difference between the proposed solution and the exact solution is analyzed in a numerical study in Section IV. Finally, measurements obtained with the proposed solution are given in Section V.
II. BACKGROUND
A. Motor Model
The motor model parameters used in this paper are the parameters of the Γ-inverse model illustrated in Fig. 1 following the representation from [23] where ω s represents the stator angular frequency, U s is the stator voltage phasor, I s and I r are the stator and rotor current phasors, respectively, R s and R r are the stator and rotor resistances, respectively, L σ denotes the stray inductance, and L m is the main inductance.
An induction machine operated with high dynamics is typically controlled in a field oriented scheme. We will consider here field orientation along the rotor flux linkage Ψ r , i.e., the rotor flux linkage phasor is aligned with the d-axis of the rotating frame. As the dynamics of the closed current control loops are significantly faster than the time scales for the evolution of the rotor flux linkage and the speed we will neglect the current dynamics in the sequel. Then, the following equations
T e = pΨ r i sq (3) where i sd and i sq are the stator current phasor components, ω is the shaft electrical angular speed, and p denotes the number of pole pairs. T e and T m denote the motor and load torque, respectively, and J is the moment of inertia. Note, that the currents in the model (1)- (3) are measured using the powerinvariant scaling of the Clarke transformation.
B. Variable Main Inductance
In practice, the induction machine model parameters are not constant but vary depending on the operating point. Following the ideas from [24] and [25] , we consider here a variable main inductance L m depending on the magnetizing current i sd and use the modelΨ
for the rotor flux linkage dynamics where L m (i sd ) is a saturation curve. Thus, in the steady state, Ψ r is given by the relation
C. Power Losses Model
In this paper, we focus on copper losses in induction machines and do not consider core losses. Then, the instantaneous power losses P l in the machine are given by
where i sd , i sq and i rd , i rq are the components of the stator and rotor current phasor under rotor flux orientation, respectively. Due to rotor flux orientation, one obtains after some calculations for the rotor current components
Substituting these equations into (5) results in
Given a certain torque trajectory T e (t), we can replace the current component i sq in (7) using (3). By splitting P l into two parts where the second part contains the power losses due to i rd , we obtain
The first part P l∞ denotes the constant power losses in the steady state of the motor, whereas the second part P ldyn describes transient power losses. From (6), it can be seen that P ldyn vanishes as the rotor flux linkage Ψ r approaches its steady state.
D. Torque Trajectories
As illustrated in (8), the required torque profile influences the power losses in the motor. In contrast to [16] , where the torque profile is assumed to have first order behavior, we consider here the torque as an output variable of the speed controller.
In Section II-A, it was discussed that the currents evolve much faster than the flux linkage and the speed. So, we will assume here that the motor can provide the commanded torque T e instantaneously for a given rotor flux linkage Ψ r as long as the current limit is not reached. Then, we have the reduced order model of the speed control loop illustrated in Fig. 2 . The motor torque T e results from the torque T ec commanded by the speed controller and the feedforward torque T effw . We will now discuss two different cases.
1) T e is given by a step function due to a speed ramp. The main contribution to the torque T e is given by the feedforward control torque T effw . The PI-controller accounts only for model uncertainties. 2) T e results from the action of the PI-controller due to a step change in the mechanical load torque T m . In the second case, T e is determined by T m as follows:
The motor torque T e (t) is transformed into a setpoint i sq ref (t) for the quadrature current by rewriting (3) [26] i sq
Due to the high dynamics of the current control loop, we assume in the sequel that i sq (t) = i sq ref (t). The advantage of using (10) to compute i sq ref instead of directly computing i sq ref as the output of the speed controller as in [7] is that the speed and the torque are decoupled from the flux linkage Ψ r (t) and are invariant under any trajectory of the magnetizing current i sd (t) as long as the current limit is not reached.
E. Optimal Solution in Steady State for Constant L m
The optimal solution with respect to minimum losses in the steady state assuming a main inductance that does not depend on the magnetizing current can be computed based on (8) (12) or equivalently after some calculations using (3)
Thus, the ratio of the two optimal currents i sd /i sq depends only on the ratio of motor resistances.
III. OPTIMAL CONTROL PROBLEM
A. General Problem
The objective of this paper is the optimization of the motor efficiency in situations when the motor torque T e changes from an initial value T 0 in steady state to a final steady state value T 1 on a certain trajectory T e (t) as described in Section II-D.
So, the objective functional
given the constraint (4) and the boundary conditions
should be minimized by an appropriately chosen trajectory i sd (t). The Hamiltonian for this problem is given by [27] H =J l + λΨ r where λ ∈ R is the co-state variable, or in detail for the given problem
From Pontryagin's minimum principle, the necessary optimality condition for i sd is a system of PDEs
resulting in the following boundary value problem
with the boundary conditions (15) and (16) subject to the state dynamics (4) for Ψ r and i sq given by (10) for i sq = i sq ref .
As has been pointed out in the references, there is no closed form solution for this problem. The solutions presented so far use a numerical approach either based on offline computations as in [12] and [13] or online computations as, e.g., in [16] .
To obtain a simple implementable suboptimal solution, we proceed as follows: Similar to the approach from [14] , we will neglect the dynamic part P ldyn of the losses P l in (14) and first assume that the torque trajectory T e (t) is given by a step function due to a commanded speed ramp as discussed in Section II-D. The solution to this problem is developed in the following section. In contrast to [14] , we will, however, consider a variable main inductance. In the subsequent Section IV, the difference of this suboptimal solution to numerically computed solutions of the original optimization problem is evaluated.
B. Optimal Strategy for a Simplified Objective Function
The new cost functional that results from neglecting the dynamic part P ldyn of the losses P l in (8) is given by
We will solve the optimal control problem based on the objective functional (21) for a torque step from T 0 to T 1 at time t = 0. Based on (21) and the model for the flux dynamics (4), we obtain for the Hamiltonian
Ψ r + R r i sd (22) and from (18) , the following boundary-value problem
with the boundary conditions (15) and (16) subject to the state dynamics (4) for Ψ r and the trajectory i sq given by
Due to the nonlinear nature of (23)- (24), it is impossible to integrate the boundary-value problem and produce a feedback rule for an optimal control. Therefore, in the following section, an approximate solution is developed.
C. Approximate Solution
In order to determine an approximate solution, we will first consider the case when the main inductance L m is constant. As the Hamiltonian in (22) does not explicitly depend on t and the final time t f is arbitrary but fixed, then as a consequence from Pontryagin's minimum principle the Hamiltonian must be a constant on an extremal trajectory i sd , that is H(i sd ) = const. The idea is now to substitute the steady state optimal control law (13) and (23) into (22) . Then, for a constant L m after some calculations results
Because H = const for the control law (13), this control law yields the optimal trajectory with respect to the objective functional (21) when L m is constant.
Hence, as a first result, we conclude that the optimal solution that minimizes (21) for a constant main inductance L m is the same as the solution obtained in the steady state case from solving (11) . This idea will now be used for a variable main inductance to obtain a suboptimal control trajectory for i sd as a function of i sq . For a variable main inductance L m (i sd ) and a given motor torque T e = T 1 , we obtain using (25)
The necessary condition for a minimum of P l∞ is
Due to the last term in (27) , it is in general impossible to solve (28) analytically. However, by a numerical solution described in the following section, we can find a function such that (28) is satisfied, that is,
and therefore, the suboptimal solution i sd is given by (29).
D. Computation of ζ(i sq )
In a straightforward approach, ζ(i sq ) would be determined for a set of N given data points i sq ,k , k = 1, . . . , N, by iteratively solving the nonlinear equation (28), thus, obtaining the corresponding data points i sd,k . The result is then a look-up table that approximates the function ζ(i sq ).
However, as i sq appears only once on the right hand side of (27) , the inverse function ζ −1 (i sd ) can be determined directly from (27) and (28):
Note that for a constant L m the already given relationship (13) As the evaluation of (31) is simpler than the solution of a nonlinear equation as in [8] , [9] , and [22] , this procedure can be easily implemented in an inverter to adapt ζ(i sq ) online when the motor resistances vary during operation. Fig. 3 illustrates the comparison of the functions (13) and (29) for an induction motor with the rated power of 4 kW. The typeplate data for this motor are given in the appendix.
This comparison shows that considering a variable main inductance results in lower optimal magnetizing current values as in the case when the main inductance is assumed to be constant.
IV. COMPARISON TO THE MORE GENERAL SOLUTION
The solution (29) is an approximate solution to the optimization problem based on the objective functional (21) . As the dynamic part of the losses P ldyn has not been considered in (21) , the above solution is not optimal with respect to the original objective functional given by (14) . Similarly, the speed control loop dynamics must be considered. Thus, the solution given by (29) will be suboptimal in a practical application.
The focus of the following discussion is an investigation of the difference between the two following solutions:
1) Numerical solution of the exact optimization problem based on P l (t) with the performance index (14) first without considering the influence of the speed controller dynamics in Section IV-A, and then, by considering this influence in Section IV-B. Note, that this solution is used as a reference only. It is not applied in practice. 2) Solution i sd (t) given by (29) of the approximate problem with the performance index (21).
A. Suboptimality With Respect to Instantaneous Power Losses
To obtain the solution for the exact optimization with the objective functional (14) given a torque step we will use the boundary value problem given by (19) and (20) obtained from the Hamiltonian (17) with the boundary conditions (15) and (16) subject to the state dynamics (4) for Ψ r and the trajectory i sq given by (25) .
We will now compare by simulations the exact numerical solution to the boundary-value problem (19) , (20) , the suboptimal solution obtained with (29) and the simple solution based on (13) without considering saturation effects. The initial state in all cases was chosen based on the exact optimal solution. Figs. 4 and 5 illustrate the results for the 4 kW motor described by its typeplate data in the appendix in Table I . The results show that the power losses for the suboptimal solution are close to the results for the exact numerical solution. As expected, the power losses in the case of the simple solution without consideration of the saturation effects are higher than the power losses obtained when considering main inductance saturation.
As the power losses for the suboptimal solution are higher in some time intervals than the losses for the numerical solution and lower in other time intervals, for the assessment of the solution quality, the difference between the loss energy during the transient for the suboptimal solution J l,sub and the exact numerical solution J l,ex , ΔJ l = J l,sub − J l,ex is considered as Fig. 5 . P l (t) for a 4 kW motor during load step change from 100% to 25% of rated torque T R . Fig. 6 . ΔJ l for a 4 kW motor model during load step changes.
well and illustrated in Fig. 6 . Simulations for a 370 W motor and a 11 kW motor give comparable results.
B. Suboptimality With Respect to Speed Controller Dynamics
Now, we consider a stepwise change in the load torque T m for a constant speed reference and T effw = 0. As discussed in Section II-D, the motor torque T e will follow a dynamics given by (9) . So, the assumptions with respect to the torque from Section III-B are no longer valid. Similar to Section IV-A, we will investigate the difference between the solution from (29) and a numerical solution of the exact problem based on the Hamiltonian in form of (17) .
For the simulation, it is assumed that the motor is operated at a constant speed and a constant load torque T m = T 0 before t = 0. At time t = 0, a load step to T m = T 1 occurs. The dynamics of T e is then determined by (9) and depends on the controller parameters K i and K p . Figs. 7 and 8 show simulation results for the 4 kW motor under variation of the parameter K p given K i = 3.8. Note that the focus is not on discussing the controller dynamics but to illustrate that the suboptimal solution derived based on the assumption of a steplike torque change is within an acceptable range of the numerically obtained solution of the exact problem.
The results from Figs. 7 and 8 illustrate that the suboptimal solution without consideration of the speed controller dynamics is close to the exact solution. For an increasing value of K p and Fig. 7 . P l (t) for a 4 kW motor model during a load step change from 25% to 100% of rated torque with variation of K p and K i = 3.8. Fig. 8 . ΔJ l (t) for a 4 kW motor model during a load step change from 25% to 100% of rated torque with variation of K p and K i = 3.8.
a faster torque response, the difference between the two solution decreases. Simulations for a 370 W motor and a 11 kW motor give comparable results.
V. MEASUREMENTS
The results obtained so far are now validated by measurements with the 4 kW motor considered in simulation. In addition, measurements with a 370 W motor are given. The test bench used for the measurements is shown in Fig. 9 .
The field oriented control algorithm and the energy efficient control strategy are implemented in a dSPACE environment. The load torque is provided by a permanent magnet synchronous machine controlled by a standard inverter.
Three different approaches for controlling i sd during a load transient are compared in the sequel.
Nominal: i sd is set to rated level i sd (t) = i sdR L m variable: i sd (t) = ζ(i sq (t)) (see (29)). L m constant: i sd (t) = γi sq (t) (see (13) ).
First the measurements are carried out for the 370 W machine. The induction machine is operated at a speed N = 1000 r/min and a load torque of 25% of the rated torque. At t = 0.1 s, a load step to 100% of the rated torque is applied by the permanent magnet synchronous machine. At t = 0.9 s, the load torque is reduced again to 25%. The comparison of the three approaches is given in Figs. 10 and 11. P l is determined using (7) based on the currents i sd and i sq and rotor flux linkage Ψ r estimated with (4) .
As expected, in steady state in part load operation, the energy efficiency optimization leads to a reduction of the losses. During operation with the rated torque, the power losses using the optimization based on a constant L m are higher even than for the operation with nominal flux. So, a consideration of the main inductance saturation is necessary even for a steady state operation. The optimal trajectory for a variable L m gives basically the same level of power losses for an operation with the rated torque owing to the fact that the machine was designed for this operation regime.
After the load torque step from 25% to 100% of the rated torque, an overshoot in the power losses is observed for both suboptimal approaches compared to the nominal operation. This is due to the fact that in addition to the power losses due to the higher mechanical power, additional power is needed to increase the flux to the new optimal level, thus leading to higher power losses during the transient as well.
The results for the 4 kW machine are illustrated in Figs. 12 and 13. The load step duration was set to 2.4 s to account for the higher rotor time constant. Due to the moments of inertia of the induction machine and the load, the dynamics after a load torque step is slower than for the 370 W machine. As a result, the overshoots in the power losses decrease compared to the overshoots for the 370 W machine. The power losses during operation with rated torque are approximately of the same magnitude. An analysis of the loss energy in Fig. 13 suggests that the procedure with a constant main inductance exhibits the best performance in this operating point although the differences are small. After a reduction of the load torque to 25% of the rated torque at t = 2.5 s, the lowest power losses are obtained when the dependence of the main inductance on the magnetizing current is considered.
VI. CONCLUSION
The main objective of this paper was to illustrate by a numerical study and measurements that a suboptimal solution to the energy efficiency optimization problem for motor torque steps gives acceptable results. This solution is simple to implement, and can therefore, easily be integrated in existing inverters. The suboptimal trajectory (29) results from a simplified optimization problem formulation in the case of step-like motor torque changes considering a variable main inductance. This suboptimal solution was compared to a numerically obtained solution of the original optimization problem for step-like torque changes and by considering the effect of the speed controller dynamics on the optimization result. These investigations were carried out by a numerical study based on given motor data for three different motors. The evaluation illustrates that the suboptimal solution is close enough to the numerically computed optimal solution. In addition, measurements on two induction machines illustrate the reduction of energy losses compared to the nominal operation. 
APPENDIX
